The six longest tune-out wavelengths for the He(1s2s 3 S e 1 ) meta-stable state are determined by explicit calculation. The tune-out wavelength at 413.02 nm is expected to be sensitive to finite mass, relativistic and quantum electrodynamic effects upon the transition matrix elements and its measurement would provide a non-energy test of fundamental atomic structure theory.
I. INTRODUCTION
The fundamental physics framework for high precision calculations on light atomic systems is non-relativistic quantum electrodynamics (NRQED) [1] [2] [3] . This approach starts with the non-relativistic Hamiltonian and relativistic and quantum electrodynamic corrections are added by using perturbation theory [4] [5] [6] . Atomic structure calculations for systems with two or three electrons are often done with correlated basis sets and very high precision in calculations of energies have been achieved [3, [7] [8] [9] . Energy corrections for finite nuclear mass and the finite nuclear volume can be included [7, [10] [11] [12] .
Many atomic properties are known to much lower degrees of precision than the energy.
For example, calculations of rates for forbidden transitions require relativistic effects to be taken into consideration. However, the precision of experiments on such systems is not high.
For example, the rate for the He(1s2p 3 P o 1 → 1s 2 1 S e 0 ) transition has been measured to an accuracy of 4.5% [13] . This is typical of atomic physics, there are relatively few experimental determinations of atomic transition rates that have a precision of 0.1% or better [14] .
At the present time, the most precise calculation of an atomic property that is dominated by atomic transition rate properties is the helium atom ground state polarizability [15, 16] .
There is an experimental determination of this polarizability that is accurate to 9.1 ppm [17] .
In this manuscript, we identify an atomic property that could be measured and provide a new test of NRQED. This property is the tune-out wavelength of the He(1s2s 3 S e 1 ) state. When an atom is immersed in an electric field it experiences an energy shift which is proportional to the square of electric field. The electric field can be a static field or the field of an electromagnetic wave and the energy shift can be written [18, 19] as
where α d (ω) is the dipole polarizability of the quantum state at frequency ω, and F is the strength of the electromagnetic field. The value of the dynamic polarizability in the ω → 0 limit is the static dipole polarizability. The tune-out wavelength is the wavelength at which the polarizability goes to zero [20] [21] [22] .
One method to determine the tune-out wavelength is to use an atom interferometer [23, 24] . A beam of meta-stable helium would be split into two, with a laser irradiating one of the paths. The wavelength for which the phase shift is zero is the tune-out wavelength.
Since the measurement is a null experiment, the intensity and beam profile of the irradiating laser does not need to be known precisely. A tune-out wavelength has recently been measured to an accuracy of 2 ppm for potassium and has yielded a precise estimate of the oscillator strength ratio for the 4s → 4p spin-orbit doublet [22, 24] . Some tune-out wavelengths for rubidium have also been determined by the diffraction of a Bose-Einstein condensate off a series of standing wave pulses [25] .
The present manuscript describes calculations of a number of tune-out wavelengths for the He(1s2s 3 S e ) state. The purpose of the present manuscript is not to absolutely determine to maximum precision the specific values of the tune-out wavelengths. Rather, it is to
give estimates of these wavelengths to an accuracy of about 0.2% to constrain the possible wavelength and thereby provide guidance to any experimental effort.
II. STRUCTURE MODEL
The He(1s2s 3 S e ) state transition arrays were taken from two sources. Line strengths from Hylleraas calculations [26, 27] were used for the transitions to the He(1s2p elements between the ground and dipole excited states were computed with a modified transition operator [28, 29] . This core-polarization model (CPM) of the helium structure is expected to be reliable. Similar models have been applied to describe the structures of many atoms with one or two valence electrons [28, 30] and give polarizabilities for atoms and ions lighter than sodium and magnesium that are accurate to better than 0.5% [19, 30] . The differences between the CPM and experimental energies did not exceed 5 × 10 −5 Hartree which suggests that the underlying model Hamiltonian is a reasonable model of the helium excitation spectrum. Table I lists line strengths, S ij , for some transitions where
The CPM line-strengths were computed in an L coupling scheme and transformed to an LSJ coupling scheme using standard expressions [31] . The better than 1% agreement between the CPM and Hylleraas line strengths suggests that the error introduced by using the CPM line strengths for the higher discrete and continuum excitations will be small.
The Hylleraas line strengths for the transitions to the J = 0, 1 and 2 states are very close to the 1 : 3 : 5 ratio that would be expected from purely geometric considerations. The deviation from this ratio is only 0.01% for the He(1s2s The He(1s2s 3 S e 1 ) polarizability is computed using the sum rule
where f (1) ni and ∆E ni are the oscillator strength and excitation energy of a given transition and ω is the photon energy. Polarizabilities are computed using experimental energy differences [32] for the lowest energy excited states. The contribution of the core is included in the CPM line strength distribution [30] by using a pseudo-oscillator strength distribution constructed by diagonalizing the He + Hamiltonian in a basis of three ℓ = 1 LTOs. Table III it is clear that the exact positions of the tune-out wavelengths will be dominated by the positive and negative contributions from The variation of the polarizability with frequency in the vicinity of the 413.02 nm tuneout wavelength can be described by a simple two-component model previously applied to the alkaline-earth atoms [41] . One writes,
where α 0 is the background polarizability arising from all transitions except the transition near the tune-out wavelength, ∆E is the transition energy to the He(1s3p
is the oscillator strength to that multiplet. The variation of the background polarizability with frequency will be much slower than the variation of polarizability arising from the He(1s2s 3 S e → 1s3p 3 P o ) transition. Making the simplification that α 0 is constant results in the following expression for the tune-out frequency when f /α 0 ≪ ∆E [41] ,
The quotient,
is a relative energy shift and provides an estimate of the relative difference between the transition frequency and tune-out frequency.
Equations (5) and (6) can be used for an uncertainty analysis. The tune-out frequency uncertainty is given by
where
giving
The contribution to the uncertainty in X shift due to the uncertainty in the transition energy does not have to be considered at the present level of accuracy. The terms on the right hand side of Eq. (9) contain atomic structure information related to the transition moments for transitions originating from the 1s2s 3 S e 1 state. Suppose, we write Y as a variable representing an atomic structure parameter, and replacing the term in brackets in Eq. (9) by 2δY /Y , one obtains δY
This relation defines the precision with which structure information can be extracted from a measurement of the tune-out frequency. For the 413.02 nm tune-out wavelength, one has X shift = 0.0582 and consequently δY Y = 8.6(δλ to /λ to ).
Supposing the tune-out frequency can be determined to an absolute accuracy of 0.0001 nm, then the fractional uncertainty in the derived structure information would be 1.8×10 −6 .
This would constitute the most precise measurement of transition rate information ever made for helium. At the present time, the polarizability of the helium ground state has been measured to 9.1 ppm [17] . Finite mass effects in the form of a reduced mass effect and a mass polarization term make contributions to the helium ground state polarizability of 137 ppm and 35 ppm respectively [15] . Relativistic effects of order α 2 and QED effects of order α 3 make a contribution at the level of 58 and 22 ppm respectively [16, 42] . A measurement of the 413.02 nm tune-out wavelength at an accuracy of 0.0001 nm would has the potential to probe QED effects in an atomic structure model of the helium meta-stable state.
There is one other polarizability parameter that relates to the feasibility of a tune-out measurement. It is the rate of change of the polarizability with wavelength. For the 413.02 nm tune-out wavelength, one has
Table III gives this derivative for other tune-out wavelengths. This information provides a first indication of the strength of the laser field and offset from the tune-out wavelength necessary to create a detectable perturbation in the polarizability. Equation (8) is the basis for 413.02 nm tune-out wavelength uncertainty analysis.
There are two quantities that largely determine the precise value of X shift , these are the f 1s2s 3 S e →1s3p 3 P o oscillator strength, and the dynamic polarizability computed with the with this transition omitted from the sum-rule.
For the purpose of this analysis the 1s2s So the relative uncertainty in 2s → 3p oscillator strength is set to 3.6 × 10 −4 . This analysis does not include any calculational error due to the Hylleraas calculation since the purely calculational error would be much smaller than the other sources of uncertainties identified above.
The estimation of the uncertainty in the polarizability, α(ω) is divided into two parts, the first is due to the contributions from the resonant 1s2s The estimation of the remainder term uncertainty is best done by reference to the accuracy of previously CICP calculations. For example, a CICP type calculation predicts the Li dipole polarizability with an accuracy of about 0.1 a.u. or 0.06% [43, 44] . The difference between the difference between the CICP and Hylleraas line strengths for the 1s2s 3 S e 1 → 1s3p 3 P o J transitions does not exceed 1.1%. This is larger than the known error of the CICP polarizability for Li and is taken as typical of the line strength uncertainties in the calculation of the remainder term. The uncertainty in the remainder would be 0.11 a.u..
Substiuting these uncertainty estimates into the relation
gives ∆X shift ≈ 0.02 × 0.0582 = 0.0012. This translates into an overall uncertainty in λ to of 0.30 nm.
IV. CONCLUSION
The tune-out wavelengths for the He(1s2s 3 S e 1 ) state have been estimated from a hybrid structure model. The tune-out wavelength at 413.02 nm could conceivably be used to probe atomic structure models at a precision that is sensitive to finite mass, relativistic and QED effects. A precision of 0.0001 nm in the measured tune-out wavelength would test structure information related to transition matrix elements to an overall accuracy of 2 ppm. Such a measurement would open a new avenue to test fundamental atomic structure theory, at the present time there are no high precision calculations for helium that incorporate both finite mass and relativistic effects in the transition matrix elements.
There is one other possible experiment involving cold meta-stable helium atoms that would also be sensitive to relativistic and QED effects. That would be to measure the magic wavelengths for the He(1s2s 3 S e → 1s2p 3 P o J ) transitions for a cloud of ultracold helium atoms. It would be worthwhile to determine the magic wavelengths that would be the best atomic structure probes.
